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Abstract

In this paper, we develop a new test to detect whether break points are common
in heterogeneous panel data models where the time series dimension T could be large
relative to cross-section dimension N. The error process is assumed to be cross-sectionally
independent. The test is based on the cumulative sum (CUSUM) of ordinary least squares
(OLS) residuals. We derive the asymptotic distribution of the detecting statistic under
the null hypothesis, while proving the consistency of the test under the alternative. Monte
Carlo simulations and an empirical example show good performance of the test.
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1. Introduction

In recent years, panel data models have become increasingly popular in theoretical and
empirical analyses, since richer information from both the cross-section and time series di-
mension leads to more powerful inferences than with a single cross-section or a single time
series. In particular, the modeling and inferences of structural changes in panel frameworks
have attracted significant attention in the literature. Compared to applying the single detec-
tion method for structural changes separately to each series, using cross-sectional datasets
improves break detection power. The detection procedures in panels are often designed to
test for the null hypothesis that the regression parameters in each series are constant over
time against the alternative that at least one series exhibits structural changes. See, for ex-
ample, Horvath and Huskova (2012) in a mean-shift panel model, De Wachter and Tzavalis
(2012) and Hidalgo and Schafgans (2017) in dynamic panels, Pauwels et al. (2012) in panel
data models allowing for heterogeneous coefficients, Chen and Huang (2018) in a time-varying
panel data model, and Antoch etal. (2019) in panels with fixed T and large N, to name a
few. However, the rejection of the null hypothesis leaves the researcher with no information
as to which cross-sectional unit exhibits structural changes. Furthermore, it naturally leads

to the issue of change point estimation in panel data models.

Classical change point estimation methodologies in panel literature often assume that
break point occurred in each series at the same location, referred to as the common break
point. This assumption is particularly attractive, as the common break phenomenon occurs
in many practical applications. The other major advantage of this assumption is the increased
accuracy of the change point estimate, as noted by Bai (2010). It is well known that only the
break fraction (i.e., the break date divided by the sample size) can be consistently estimated
in a single time series. In panel frameworks, however, the failure of the consistency of the
break point in time series models has been overcome under the common break assumption.
This enhanced precision of the common break point estimate has been widely confirmed under
various frameworks in panel data analyses. Kim (2011, 2014) focused on panel deterministic
time trend models and considered a factor structure for the error component. Although

the former study stated that the ordinary least squares break date estimator fails to achieve



consistency by imposing the factor structure, the latter overcame this problem and developed
a new estimation strategy, where the common break date is estimated jointly with the common
factor to successfully sustain the precision advantage of the common break point estimate in
panels. In addition, Qian and Su (2016) used a panel data model in which the parameters of
interest are homogeneous and errors are assumed to be cross-sectionally independent, while
Baltagi et al. (2016) considered a more general panel framework allowing for heterogeneous
parameters across individuals and multifactor error structure. More related works, including
Li etal. (2016), Baltagi et al. (2017), Horvath et al. (2017), Westerlund (2019), and others,
have documented that the break date estimate obtains increased precision via imposing a

common break assumption in panels.

In practice, however, the common break assumption is restrictive, and some evidence has
verified that the break points are likely to vary significantly across individuals (see Claeys
and Vasicek 2014; Adesanya 2020). To the best of our knowledge, no study has focused on
the validity of the common break assumption in panels. In this paper, we contribute to the
literature in three ways. First, we fill in this gap to introduce a test for the null hypothesis
that the panels exhibit a common break against the alternative that break dates can vary
across units. The closest related work is that of Oka and Perron (2018), who considered
common break detection in maximum likelihood frameworks in multiple equation systems.
We extend their model to a more general framework where both the number of series N and
the number of observations T are sufficiently large, which makes it available using panel or

macroeconomic data in applications.

The second major contribution of this paper is that we investigate the statistical properties
of the estimated common break point when the common break assumption fails. It is verified
that the common break estimate cannot be consistent for each series, but will be restricted
to a specific region. Based on this property, our test has a non-degenerate distribution under

the null hypothesis and achieves consistency under the alternative.

Third, our test delivers monotonic power as the magnitude of the breaks increases. The
statistic is established by the squares of the cumulative sum of the residuals, and we use

a normalization factor to replace the long-run variance estimator to avoid power loss when



the shift increases under the alternative (the so-called nonmonotonic power problem). Monte
Carlo simulations show good size performance for large T. Moreover, the test can successfully
reject the null hypothesis of a common break against various types of alternatives and has
nontrivial power for large breaks. An empirical example demonstrates that a common break

exists in the mutual fund data during the sub-prime crisis.

From a different perspective, recent clustering literature suggested an estimation method-
ology as an alternative strategy to identify distinct breaks across units in panels. The panel
data are modeled using a grouped pattern, in which the regression coefficients containing
break dates are heterogeneous across groups but homogeneous within a group. In this frame-
work, Okui and Wang (2020) and Lumsdaine et al. (2020) proposed iterative estimation ap-
proaches to jointly estimate the break point, group membership structure, and coeflicients.
The consistency of all estimates can be achieved simultaneously within the prior informa-
tion on the number of groups and an appropriate choice of the initial values for iteration.
Researchers can determine whether to conduct a testing procedure, apply an estimation

methodology, or use a hybrid of two approaches depending on their empirical purpose.

The remainder of this paper is organized as follows. Section 2 introduces the model
and necessary assumptions. Section 3 explains the testing strategy for the common break
assumption. Section 4 establishes the asymptotic distribution of the statistic under the null
hypothesis and the consistency of the test under the alternative hypothesis. Monte Carlo
simulations are conducted in Section 5. Section 6 provides an empirical example, and Section

7 provides concluding remarks. The mathematical proofs are relegated to the Appendix.

2. Model and Assumptions

We consider a panel data model allowing for heterogeneous coefficients across units, de-

fined by

Yit = x;tﬂz + x;tdil{t>ko} +u, 1<i< Nandl <t<T, (1)
where x;; = [z4(1),- -+ ,24(p)]’ is p-dimensional explanatory variables including a constant
term; thus, the first element is unity for all ¢. The coefficients 8; = [Bi1,- -, Bip|’s di =
[0i1,- -+, 0ip)" are p x 1 vectors of fixed parameters, and 1 {¢>k0} 1S an indicator function that



takes the value one if ¢ > k:?, and zero otherwise. wu;; is an unobservable stochastic disturbance.
We assume that the regression parameters in the ith panel change from S; to 5; 4+ 9; at
unknown time k?, and we are interested in testing whether the break point in each series
is common against the alternative that the break point varies across individuals. The null

hypothesis is defined as
Hy: k) =k° forall i=1,2,--- N.

Under the alternative of distinct breaks across individuals, we suppose that there exist G
groups, and the regression coefficients share the common break point in each group g =

1,2,--- ,G. Then, the alternative hypothesis is defined by

Hy - k:g1 #+ k227 for some g¢i1,92 € {1,2,--- ,G}.

In this paper, we impose the following assumptions.
Assumption 1 kY = [T't0], where 70 € (0,1) and [-] is the greatest integer function.

The break point kY, which is a positive fraction of the total sample size, is assumed to be
bounded away from the end points. This is a conventional assumption in the change point

literature, see Bai (1997).

Assumption 2 Define ¢ = Zf\il 5?/5?. Suppose that
(i) dn — 00 as N — oo,
(i) %\’ is bounded as N — oo,

(iii) % — oo, ¢N§ — o0 as (T,N) — oo.

Denote &Y as the true shift for individual i. Assumptions 2(i)—(ii) are borrowed from As-
sumption A2 in Baltagi et al. (2016). The additional condition T/N — oo requires that T'
grows at a faster rate than IN. This is a significant condition to ensure a non-degenerate
distribution of the statistic under the null hypothesis and consistency of the test under the

alternative.

Assumption 3 (i) For each series i, u; is independent of xy for all i and t;

(i) wie = 2320 aijéii—js €ir ~ (0, 02) arei.i.d over all i and t; >_jdlaijl < M for alli.



The idiosyncratic errors form a stationary time series, and it is assumed that u; are cross-
sectionally independent, similar to the assumption in Bai (2010). In practice, this assumption
is relatively restrictive, as cross-sectional dependence commonly exists in many panel datasets.
As explained in Sections 3 and 4, the statistic of our test can have a non-degenerate distribu-
tion under the null hypothesis of the common break, crucially depending on the consistency
of the common change point estimate. However, Kim (2011) indicated that imposing a fac-
tor structure on the error component may impede the consistency property. Some additional

techniques are needed if we relax Assumption 3 to allow for cross-sectional dependence.

Assumption 4 (i) For i =1,--- , N, the matrices (1/7) 21:1 zyuxl, (1/7) EtT:TfjH Tt Xy
0 04 4

(1/9) Zf;kg—jﬂ zixl,, and (1/7) Zf’::?JH zyxl, are stochastically bounded and have mini-

mum eigenvalues uniformly bounded away from zero in probability for all large j.

(i) For each i, (1/T) S.[_, xua, converges in probability to a nonrandom and positive defi-

nite p X p matrix C; as T — oo.

(iii) For each i, (1/T) Zthl xi converges in probability to a p x 1 vector ¢;1 as T — oo.

Denote the jth row of C; by ¢;; for j =1,--- ,p. That is, C = [c;j1,- -+ , ¢ip)’. Note that the
vector ¢}; is the first row of C;.
TitTy

0
Assumption 5 (i) For any positive finite integer s, the matrices (1/N) Zfil Zf;ko—s—i-l

0
and (1/N) SN, Zf;;;; L1 Tatyy are stochastically bounded and have minimum eigenvalues uni-
formly bounded away from zero in probability for all large N.

(ii) For each t, (1/N) sz\il xixl, is stochastically bounded as N — cc.

Assumption 4 is a conventional assumption in time series models, see, for example, Bai

(1997), while Assumption 5 is borrowed from Assumption 5 in Baltagi et al. (2016).
3. Test Statistic

The null hypothesis assumes that the panels exhibit one break occurring at an unknown

common location. We first use the least squares method, as proposed by Baltagi et al. (2016),



to estimate the common break point. Let

0
/ .
Yi1 T Uil
/
Yi2 Lo 0 Uq2
}/jl = 7X’L - . 7Z’L(k’b) - .T/ ,al’ld Uy =
i(ki+1)
/ .
YiT T : Ui
’
L Tir

The model with an unknown break point k; can be rewritten in matrix form as

Y = Xifi+ Zi(ki)o; + u;
= [Xi, Zi(k:)] [ gz } + u;
= Xz(kz)bz + u;, (2)

where X;(k;) = [X;, Zi(k;)], and b; = [B],6)). Given any k* = 1,2,---,T — 1, b; can be

)71

estimated by

) = [gi((::”:[xﬂk")’??i(k*)]1X'i<k*>'1z-, i=1,-- N

The sum of squared residuals for ith equation is given by
SSRi(k*) = [Y; = Xi(k")b(K"))'[Yi = Xi(k")bi(k*)], i=1,---,N.
The least squares estimator of k* is defined as

N
k = arg Lin ;mSSRi(k‘ ) (3)

where weights m; € (0,1),i=1,---, N, Zij\ilﬂ-i =1.

Our statistic is composed of ordinary least squares residuals based on the estimated
common break point k. We decompose the panels into two regimes using k in the time series
dimension. Then, the OLS residuals are calculated by

U
()

w=| | =Yi- X(b)bh), (4)

U



and the squares of the partial sum of the OLS residuals u;; are defined by

N k 2
- 1
USnr(k, k) = (W ﬁit> ,  where k = [T'r] with 7 € (0, 1). (5)
=1 t=1

i—=
The statistic is a CUSUM-type of residuals, motivated by the consistency of the break point
estimate if the common break assumption holds. Under the null hypothesis that all indi-
viduals are assumed to share a common change point k* = [T'7°] with 7° € (0, 1), Baltagi
etal. (2016) verified that the common break date is consistently estimated. Based on the
consistency of ks k0, the regression parameters corresponding to regimes {z;1, - - - STt
{xi(,% 1y , ;7 } are asymptotically constant over time. Consequently, the cumulative sums
of the corresponding residuals will not diverge and can have a non-degenerate distribution,

which is derived as follows:

. O_Q[W(T) - %W(TO)]Q if 7 < 7-0
Vo) = {az[ww —W() = (W) = W(E))P? ifr >0

where W(+) is a one-dimensional Brownian motion, and o2 is the long-run variance defined
below. Under the alternative of distinct breaks, since the estimated common break point
cannot coincide with the true break point for each series, partial residuals will significantly
deviate from the one under the null hypothesis. Hence, USnr(k, l%) will diverge to infinity as

N,T — oo such that we can successfully reject the null hypothesis.

A traditional approach is to use a consistent estimate to replace the unknown o2, while
the kernel estimator is commonly applied. Typically, the selection of the bandwidth for the
kernel estimator significantly affects the size and power performance of the test. In time series
analyses, it has been extensively mentioned that the structural change tests suffer from the
so-called non-monotonic power problem; that is, the tests may lose power as the magnitude of
the break increases. See Vogelsang (1999), Deng and Perron (2008), Yamazaki and Kurozumi
(2015), and Jiang and Kurozumi (2019), among others. The main reason is that the long-
run variance estimated under the null hypothesis is consistent but may be severely biased
under the alternative hypothesis. To maintain nontrivial detection power for large breaks,
we extend the self-normalization method proposed by Shao and Zhang (2010) to construct

a normalization factor instead of using the long-run variance estimate. This normalization



factor Vyrp(k1, /%, ks) is required to be proportional to o such that the long-run variance can
be canceled out as

USnr(
Vnr(ki,

k, k) o2 functional of Brownian motions
k. k

2) o2 functional of Brownian motions’

2
2 s lim(y 1) o0 £ (ﬁ Zf\;l Z;f:l uit) . Furthermore, the

normalization process cannot grow at a faster rate relative to the process USy7(k, l%) under

where the long-run variance o

the alternative to avoid loss of power. To this end, we separate the panels into four regimes
by flexible points ki, ko and the estimated break point l;:, where k1 and ko take values in

the interval 1 < k1 < k< ko < T — 1. We estimate the model on the basis of four

regimes {xily t 7l‘ik1}’ {xi(kl—&-l)v t axi];}, {xi(l;:-‘,-l)’ o 7$i/€2}7 and {xi(kg—l-l)a T ,xiT} for
the ith equation. Denote T' X p matrices by

in(a,b) = [07 707$i,a+17"' a$i7ba05"' ,O]lv j:1a2a (6)

X3i(a) = [07 e 307 Tia+l," " 7$T]/7 (7)

where the elements of the (a + 1)th-bth rows of Xj;(a,b) are the same as that of X; and zero

otherwise, and the elements of the (a + 1)th-T'th rows of X3;(a) are the same as that of X;

and zero otherwise. Then, the model can be represented by

Bi
Y, = [ X, Xyi(kr, k), Xoi(k, k2), Xa;(ko)] g; +u;
d3i
= XiBi + Xui(ky, k)ov; + Xai(k, k2)d2i + Xsi(k2)d3; + u;
= Xi(k1, k, k2)bi + u;, (8)

where X’i(kl, l%, ko) = [Xi, X4 (K1, /%), Xgi(/%, k2), X3i(k2)]. Using the coefficient estimators B;,

814, 02i, and d3;, the corresponding residuals are calculated as
Uin
Ui - N o~ N - -
U; = : = Y; — Xzﬂz — Xli(kla ]{)511 - X2i(l{7, k2)52i - X3Z(k2)522 (9)

u;T



Then, we define the process Vyr(k1, l%, k2) based on the residuals 4 as

Ve (ki k, ko)

L b ( 1 s )2 Lk , Nk 2

ALy ya) by Ay
T s=1 NT =1 t=1 T s=ki1+1 NT i=1 t=s
(e (et

+ = — i |+ — i) . (10)
T s:l;+1 NT =1 t=i€+1 T s=ko+1 NT i=1 t=s

Thus, our test statistic is composed of the squared CUSUM of residuals (5) and the normal-
ization factor (10), defined by

USyr(k, k
Snr(k ki k) = sup USnr(k, k)
(k1 k2)eQ(e) VT (K1, K, k2)

2
= sup - This
(k,k1,k2)€Q(e) NT “ ! T

i=1 t=1 s=1 i=1 t=1
1 F 1 N k 2 1 ke 1 Mo 2
SRS O L5 3 3L INED Ol B o it
T “ NT — = T NT =
s=k1+1 i=1 t=s s=h41 =1 t=h41
T | N 2) !
fa (vt
T 4 NT “— —
s=ko+1 =1 t=s

where Q(¢) = {(k, k1, ko) or (1,71, 72) : [Te] <k < [T(1 —€)],[Te] < k1 < k — [T,k + [Te] <
ko <[T(1—=¢)}. k=[TT], k1 = [Tr1] and ke = [T'o] with 7,74, € (0,1).

4. Asymptotic Theory

We next derive the limiting properties of the test statistic.

10



Theorem 1 Suppose that Assumptions 1-5 hold. Then, under Hy, we have, as N, T — o0,

Snt(k, k1, ko)

W) o [Wu) - W) W<TO>] 1{T>TO}}2

= sup {W(T) —T % _

(7,71,72)€Q(€)

{/o e s R [ et - wis - 0 -9 =] s

1—70 70

0 _
1 T T1

2
W(Tz)—W(TO)] i

9 — 70

4 / [W(s) W) = (s )
W) - Wm)r d}

1—m

+/1 [W(l)—W(s)—(l—s)

where W (-) is a standard Brownian motion, k = [T't], k1 = [T'11],k° = [T7°], and ke = [T'2]

with 7,719, 71,72, € (0,1).

Under the null hypothesis, the proposed test has a non-standard limit distribution depending
on the true break fraction, which is unknown in practice. We choose 7° = 0.1,0.2,---,0.9,
and approximate Brownian motions using 2,000 independent normal random variables with
10,000 replications to obtain the critical values in Table 1. A researcher can calculate an
appropriate critical value based on the value of the estimated break fraction. For example, if

7 € [0.4,0.5), we obtain the critical value by the interpolation,
Cc=cCo4+ 10(72 — 0.4)(00,5 - 00,4),

where c,o for 79 = 0.1,...,0.9 are the critical values given in Table 1. Next, we investigate
the behavior of the proposed test statistic when the breaks vary across individuals. We focus
on the case in which there are two groups, and individuals in the same group share a common
break k?,j =1,2.

Hip |k — K9] > AT, for some A > 0.

Assumption 6 Let Nj,j = 1,2, denote the number of units in group j (N = Ni + Na).
Suppose that Nj/N — m; >0 for j =1,2.

To characterize the limiting properties of the test statistic under the alternative, it is useful

to first state some preliminary results regarding the statistical properties of the estimated

11



common break point. Define K(C) = {k:1 <k < k¥ — C1,k9 + Cy < k < T — 1}, where

C1, Cy are finite numbers.

Proposition 1 Suppose that Assumptions 1-6 hold. Then, under Hy, for any given € > 0,
for both large N and T,
Pke K(O)) <e.

Proposition 1 states the possible region of the location of the common break date estimator
when the common break assumption fails. This implies that this estimator will be bounded
away from both end points. In other words, the estimated common break point may lie
between the two true break points or be stochastically bounded by either of the true break

dates.

Proposition 2 Suppose that Assumptions 1-6 hold. Under Hya, for both large N and T,
(i) if b < kY,

sup USnr(k, k) = O,(NT),
keQ(e)

(i) if K9 < k < k9,

sup USnt(k, k) = O,(NT),
keQ(e)

(iti) if kY < k,
sup USnr(k, /2:) = Op(NT),
keQ(e)

Proposition 2 derives the divergence rate of the process USyr(k, l;:) under the alternative.
In case (i), Proposition 1 implies that the common change point estimate is bounded by the
true break point k¥; that is, kY — k= Op(1). Since we assume that the two true breaks
are separated by some positive fraction of the sample size, k will become distant from the
other break date kzg . Therefore, for individuals in group 2, the regression parameters will be
estimated based on an inconsistent break fraction estimate. Then, we find that the CUSUM
of the corresponding residuals u;; in USyn7p(k, I;:) will diverge to infinity at a rate of NT. For
the second and third cases, it is shown that the divergence rate of the process USnr(k, ]%) is

the same as that in case (i).

12



Proposition 3 Suppose that Assumptions 1-6 hold. Under Hya, for any given € > 0, there
exists a finite M > 0 such that, for both large N and T,
(i)

P( inf Vip(ki k, ko) > M’k? o <k< k?) <e
(k1,k2)€Q(e)

(i)

P inf Vp(kyk k >M(k0</%<k:0 <e
<(k1,k1§efz<e) wr{k, b, ko) ! 2) ‘

(iii)

P(nf  Vir(ks b k) > M‘kg <h<k+0)<e
(k1,k2)€Q(e)

Proposition 3 investigates the limiting properties of the normalization process under the
alternative. The results indicate that inf(y, 1,)eq() Var (k1 k, k2) is Op(1). Since the model
is estimated based on four subsamples for the normalization factor, we can eventually find
appropriate k1 and ko such that the minimization will not diverge. The numerator of the
statistic diverges at a rate of NT', and the denominator has a finite limit. Then, we derive

the consistency of the test under the alternative in the following theorem:
Theorem 2 Suppose that Assumptions 1-6 hold. Then, under Hy 4, we have, as N,T — oo,

SNT(IC, kl, k‘g) — 0OQ.

The consistency of this test is achieved under a particular and specified alternative Hiya.
Nevertheless, our simulations confirm that this test is valid and powerful against a variety of

alternatives.
5. Finite Sample Properties

In this section, we investigate the finite sample performance of the test considered in the pre-
vious sections. The data-generating process (DGP.1) under the null hypothesis of a common

break is given by

Yit :x;tﬁi+x/it6i1{t>k‘o} +uit7 1= 17 7N7 t= 17 7T'

13



where z;; = [1, 2]/ includes a constant, each z; has a normal distribution N(1,1), and is
independent of the errors u;;, 1 <t <7T,1 <1¢ < N. We assume that a common break k0 =
[0.5T7] exists in the slopes. The coefficients f3; ~ i.i.d.U(0,0.8) and 0; are the jumps for each
series with ¢; ~ i.1.d.U(0,0.5). We allow for serial correlation in the errors u; = pu;;—_1) + €it
with ej; ~ i.i.d.N(0, (1 — p)?). The trimming parameter € is 0.1, the number of replications

is 2,000, and all computations are conducted using the GAUSS matrix language.

Table 2 summarizes the empirical sizes of the test for the different pairs of (N,T'). In the
case of 7.i.d. errors, the nominal rejection rate is close to the corresponding significance level
of the test. When the errors are allowed to be serially correlated with p = 0.4, for small N
and T, the size distortion is quite noticeable. The size improves for large T and appears to

be quite close to the nominal level at 7" = 200.

In practice, no prior information is available on the form of structural changes for re-
searchers. Therefore, we conduct extensive simulations to explore the empirical power of the
test for various group patterns of structural change and different magnitudes of the break.
We first impose a benchmark case as Assumption 6. There are two groups in panels, and the
break points for individuals are common in the same group but distinct across groups. We
next consider more general circumstances in which there are more than two groups in panels
or the break dates can be distinct across individuals. Moreover, we are interested in the
validity of the test when the break dates are common, but multiple common breaks occurred

in the panels. Then, four types of alternative hypotheses are considered as follows:

e Hyis: There are two groups and the series in each group share common break k:?,

j = 1,2. Let N; denote the number of units in group j and N = Ny + Ns.

e Hs: There are three groups and the series in each group share common break k:?,

j=1,2,3. Note that N = Ny + N» + Ns.

e Hs,: Suppose that there is no group pattern. The break point for the jth series is
given by k:?, j=12--- N.

2The size is distorted corresponding to strong serial correlation (p = 0.8) but appears to be controlled when
T increases. The results are similar and are thus omitted.

14



e Hy4: The panel data exhibit multiple common break dates.

The data generating process (DGP.2) under Hj4 is given by

{yit =}, B + xétélil{bkﬁf} +uy t=1,---,T, foriin group 1,

Yit = T i + $;t52i1{t>k8} +uy t=1,---,T, foriin group 2,

which is the same as DGP.1, except that the change point varies across groups. The first group
exhibits one common break at kY = [0.2577], and we set the time of change k9 equal to [0.75T]
in the second group. We assume §; ~ i.i.d.U(0,0.8) and the jumps 01;, d2; ~ i.1.d.U(0,0.5).
The ratio of units among the groups is set to N1 : No = 5 : 5. Table 3 shows that the test
is powerful (almost with a rejection probability of more than 80%), except for small N or T.
Table 4 reports the effect of the magnitude of change on power. As expected, the proposed
test delivers monotonic power. When the magnitude of the changes is larger than 0.4, our
test almost perfectly rejects the null hypothesis (power tends to one). We can see that the
test shows good performance in the case of two well-separated groups. We further investigate
the sensitivity of the test when the group characteristics (distance between two change points
or number of units in each group) change. In Table 5, we fix one common break at [0.277], and
the other break changes from [0.257] to [0.8T]. If the distance between two breaks exceeds
[0.3T], the rejection probability reaches at least 90% at the 10% significance level. When the
two break dates become quite close (the distance is less than [0.1T]), the power of the test
decreases to 0.325 at the 10% significance level. On the other hand, the power of the test is
sensitive to the number of individuals in each group. Table 6 shows that the test rejects the
null hypothesis with probability over 80% when the number of observations in each group is
sufficiently large (the ratio of units between two groups is larger than 3/7). If the number
of individuals in one group is much less than that in the second group, the heterogeneity
between the two groups cannot be identified. Eventually, it is not easy to reject the null

hypothesis, even if the two break dates are distinct.

We next investigate the power properties of the test under Hs4. The results for distinct
change point locations and ratios of units among groups are reported in Table 7. The test can
successfully reject the null of one common break for large N. The close break points among

the three groups will reduce the power.
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The alternative hypothesis H34 considers heterogeneous change points without a group
pattern. The change point for individual j is set to k:? = [TT]Q], j=1,2,---, N, while the
break fraction T]Q is drawn from U(0.15,0.75). Table 8 shows that the test is still powerful

for large N.

The data generating process (DGP.3) under Hyy4 is given by
yit = Tiyfi + x;t‘slil{kgqgkg} + x;t52i1{t>k‘2)} +uy, t=1,--- T, i=1,---,N,

where the coefficients change from 5; to 5; 4+ d1; in the second regime and change from 3; + 61,
to B; + d2; in the third regime. The change points are set to k! = [0.25T] and k9 = [0.757],
while the coefficients f3; ~ 1.i.d.U(0,0.8), d1; ~ i.1.d.U(0,0.5), and d9; ~ i.i.d.U(0,0.2). Table

9 shows the good performance of the test when there exist two common breaks in the panels.

In summary, the size of our test is controlled for large N and T. The test exhibits mono-
tonic power as the magnitude of the break increases and is powerful against various alterna-

tives.
6. Empirical Example

In this section, we apply our approach to detect common breaks in the capital asset pricing
model (CAPM). We use the Fama-French three-factor model augmented with the Carhart

(1997) momentum factor considered in Antoch et al. (2019), which is given by
Ry — Rl = ay + (Rf” - R{) M REMLBHML | psMBgaMB | pMOM gMOM 4 4.

for1<t<Tand1<i<N, where R;; — R{ denotes the excess return on the mutual fund;
the three factors include market risk premium, returns on a high minus low (HML) portfolio,
and returns on a small minus big (SMB) portfolio; the momentum factor RMOM describes
the tendency of securities that have outperformed (or underperformed) the market over the
past period to continue to outperform (or underperform) the market.

We test for common breaks in the coefficients for the mutual fund return data around the

sub-prime crisis. Our sample period is from February 2005 to December 2011. Four factors

can be downloaded from Ken French’s data library.> The monthly return data of mutual funds

Shttp://mba.tuck.dartmouth.edu/pages/faculty/ken.french/data_library.html
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are taken from Yahoo Finance. Mutual funds are classified according to their size, growth,
value characteristics, and investment strategies. Using the Yahoo Finance classification, we
focus on the characteristics of blend and growth to select ten categories of mutual funds.
These are Foreign Large Blend, Foreign Small/Mid Blend, Foreign Large Growth, Foreign
Small/Mid Growth, Large Blend, Mid-Cap Blend, Small Blend, Large Growth, Mid-Cap
Growth, and Small Growth.

First, we apply the test to detect common breaks in the whole sample period of 20056M02—
2011M12. The results in panel (a) of Table 10 show that the test rejects the one common
break assumption at the 1% significance level for the nine categories. In this case, there are
several possibilities such that there is no common break and each series (or some groups)
has a distinct one or several breaks, or there are multiple common breaks. To see the overall
tendency, we tentatively apply the Bai-Perron sequential test (Bai and Perron, 1998) to
estimate the number and locations of the breaks for several mutual funds in each group. We
find multiple break points, which are centralized at similar locations (early 2006, early 2008,
and early 2009), even if the mutual funds are from different categories. These results suggest

the possibility of multiple common breaks in mutual fund data.

Based on the above result and because Anotch etal. (2019) indicated that there exist
structural changes in US mutual fund data during the sub-prime crisis period (mid-2008 to
early 2009), we split the whole sample period into (b) the period before the sub-prime crisis
(2005M02-2008M05), and (c) the period during the sub-prime crisis (2008M06-2011M12).
In panel (b) of Table 10, the test rejects the null hypothesis for all categories in the period
before the sub-prime crisis (before the middle of 2008); there still exists the possibility of
distinct breaks in each series or multiple common breaks in this sub-period. On the other
hand, as in panel (c) of Table 10, our test cannot reject the null hypothesis for the period
2008M06-2011M12. This result implies that the mutual fund data exhibit one common break

during the sub-prime crisis.
7. Conclusion

In this study, we developed a new test based on the OLS residuals to detect whether struc-

tural breaks across individuals occurred at the common location in panel data models. The
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asymptotic properties of the test were investigated under the null and alternative hypothe-

ses.

The simulation results indicated that the test is powerful against various alternatives.

In application, we found evidence of the common break phenomenon in mutual fund data

during the sub-prime crisis. Although we assumed cross-sectional independence throughout

the paper, it may be interesting for the cross-sectional dependence in the error component

to be generally taken into account. We leave such an extension for our future research.
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Appendix A. Proof of Theorem 1

Supposing that the structural change occurred at a common location, Baltagi et al. (2016)

showed the consistency of the common break estimator,

lim P(k=k") =1, which implies |k — k°] = 0,(1). (A.1)
(N,T)—o00

In this Appendix, we derive the asymptotic distribution of the test statistic under the null

hypothesis using this consistency property. We first focus on the limiting properties of the

numerator of the statistic. Model (2) with the true common break & is expressed as follows:

lfi = Xl(ko)b? + u;
= Xi(k)b) + wi + [Xi(K0) = Xi(R)]p]
= Xi(k)) + u; + [Zi(k°) — Zi(k))o?, (A.2)
where b0 = [8%,6%]. Replacing Y; with (A.2), the residuals in (4) can be rewritten as

— ~

i = Xi(k)bY + ui + [Zs(k°) — Zi(k)]60 — X,()by (k)
=y — X (k) [bi (k) — b9) + [Z:(K®) — Z;(Je)] 89

= u; = XilBi(k) = 8] = Zi(k)[Si(k) — &7) + [Zi(K") — Z;(k))&, (A.3)

whose vector form is represented by

0 0 [0
U1 Uil Ti1
~ /
Ui2 Ui2 Lo - 0 PPN 0 0
= = TGk Gik)=o)+| | —|
: i(k+1) i(kO+1) i(k+1)
U Ui T : : :
L @ L Ty I

For the sake of simplicity, k is suppressed in (k) and 6;(k). Then, the cumulative sum of
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the residuals is

1 N k
Z Z@it
NT i=1 t=1
1 N k 1 1 N k
Uit — ——= 2l (B; — BY) — — (85 — 01, s
NT ; ; t — /7NT ; ; zt(ﬂ ﬁz ) /7NT ;tg-i_l zt( ) ) {]{;>k;}
1 N k
— Ty + — xl (5 1
o ;t%l Lok + o= ;t %:H (R<iet)
N k N
/NT Z Z 6, Licharoy = JNT Z Z $<t5?1{k<k0<k}
=1 ¢—f41 =1 4=f41
=U,—-Uy—Us+Uy+U; —Ug—Us. (A4)

We can show that the terms Uy, Us, Ug, and U7 are negligible as N, T — oo. Since k is
bounded by k° and k in Uy, using the convergence property (A1),

N N
Uy = \/—Z Z ;07 {k'0<k'§fc} = \/;Op(l) =0, ( T) . (A.5)

i=1 t=k041

Similarly, it is shown that the orders of terms Us, U, and U7 are o, (\ / ]q\f), which will vanish
since N/T — 0 in Assumption 2(iii). The asymptotic distributions of the dominating terms

Uy,Us, and Us are derived from Lemma A.1.

Lemma A.1 Suppose that Assumptions 1-5 hold. We have, uniformly in 7 € (0, 1),

N k

mrzz wie = oW (),

=11

N 7k (’TO)
(ii) ZZ — B = ot T
W) -w() W)
0
(i) INT Z Z r( Nisiy = o7 —77) [ 10 R Lirsr0y,
=1 =f+1
where k = [T'1], k° = [T't°], W(-) is a standard Brownian motion, and the long-run variance
N T 2
0'2 8 hm(N,T)—M)o < ]l\fT Zl Zluzt)
1=1t=
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Proof of Lemma A.1. (i) Denote the process
N k
k 1
Xnr (=) = —= Uit
It is shown that, for a particular 7,

N [T7]

\/leiT Z Z i LN oW (),

=1 t=1
as N,T — oo. It remains to be shown that weak convergence holds uniformly in 7 € (0, 1).
To this end, by Billingsley’s (1968) Theorem 12.1, we next show that the moment condition
(A.8) is satisfied such that the process Xy 7 (7) is tight. Applying Rosenthal’s inequality, we

have,
2y
bl (1) - (5) = LS
NT|= | —XnT | 5 = Wit
T T NT = .55,
N ] ! 2y | X L 27
<c F|l—— w; +co | —= El— U
| S| e 55 (g Sw)
N ! 2y
1 1—Ek\"
<c F|— U; +c , A6
e 3 () o

with some constants c1, ¢2, and ¢3. According to Phillips and Solo (1992) and p.637 of Horvath

and Huskova (2012), the partial sum of u; is composed of two parts,
k k
Z Uit = Q4 Z €it + Nik,
t=1 t=1
where 1, = ejy—ely, € = D12 Ch€i—y, and ¢y = 3221 ik For the term 7y, Horvéth and

Huskova (2012, p.640) indicated that E|n;z|?Y < cElejo|?. Then, using Minkowski’s inequality
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and Rothenthal’s inequality, we show that for v > 1,

! 2y ! 2y
E Zuit = E|a; ZEit+77il_7]ik:
t=k+1 t=k+1

1 2y
1 27\ 24 1

a > e + (E mi — 77ik|27) zw

IA

t=k+1

1

IN

—

12y
C4(l _ k)E |6i0’2’7 + 05(1 _ k)'Y (E(eio)z)ry] = + (E ’nzl - Uik‘%) Q’Y}

1 2
{ [04 El: Elex|” + 5 < zl: E(eit)2>7 + (Emil - 77ik|2’y>217

ce(l — k)E |¢; 2977 Ele; 27%27
(= k) Elenl| ™ + (Eleol™)

<cr(l—k)Eleol”

with some constants c¢4—c7. Then, we have, for v > 1,

N 1 I 2y 1 N I 2y
D El = > ua| = D E| Y i
=1 NT t=k+1 (NT)7 =1 t=k+1

1 N
< vrp 2 el = B E el

=1

I—k\" 1 I )

<o <> LN Bl
T ) N&

l— Y

< ¢g <T , (A7)

with a constant cg. Combining (A.6) and (A.7), we can show that there exists constants

v > 1 and ¢g such that

l E\ | I —k\"
E ’XN,T (T) - XN7T (T) < cg <T> . (A8)

(ii) By regressing Y; on Xi(l;‘), the coefficient f3; is estimated as, if k& < kO,

-1

N . —1 .
k k )2
! R0 0 /
E Tt (v By i) = B+ E Ti Ty E TitUst,
t=1 t=1 t=1

~ -1 . ~
i i i
A / /
Bi = E Tt Ty § TitYit = E Tt Ty
=1 =1 =1
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and if k > kY,
-1

k KO k
Bi = D wieai; S (@Bt ui) + Y war(ah B + 6] + i)
t=1 t=1 t=k0+1
i g i ok
= ﬁ? + Z l’itx;t TitUst + Z xit-r;t Z iEz‘tﬂU;t(S?- (A.9)
t=1 t=1 t=1 t=kO0+1
Then, we can see that,
1 k B 1 k 1 k B 1 k
VT3 —BY) = | = Zmit:c;t — Z Titir + | = Z Tt Ty — Z Tk 601 (A.10)
7 I3 1t {k;>k0} .
T t=1 VT t=1 T t=1 vT t=k041
0 -1 0 7. -1 0 -1 7.
= 1kzx‘t$/ 1kZCC'tU‘t+ 1il"tl’, — ! kZa:~tm’ L i(]}‘tU‘t
- wtLagt 1t e gt T 1wtLagt = 1t Wy
T t=1 vT t=1 T t=1 r t=1 VT t=1
0 -1 i 0 2 -1 k
NES PRI B S BT (8 o R T I
it it Ug it Wy it itLitCi >0}
T t=1 VT t=1 VT t=1 T t=1 T t=kO0+1

-1
k0 kO
1 , 1 1 1 1
:—Ei- —EZZ — 1 0,(1 0O,(1 — — )1,
Tt:133t371t \/Tt:1$tut+0p (T) p<)+ p( )0p< T)"‘Op( T> {k>k0}
-1

1 & 1 1 1
— | = waly | = @i - — Al
T t=1 ot ﬁ t=1 it K <T> * @ (ﬁ) ’ ( )

where we replace k with k° using the consistency property (A.1) and the following orders:

. -1 -1
E K0
1 / 1 /
- E TitLst -\ = g Tit Lt
T k2
t=1 T t=1
. -1 . -1
k K0 k K0
1 / ]' / ]' / 1 /
= T E Lit Lt T E TitTip — T E Tit Tt T E Tit Ty
t=1 t=1 t=1 t=1

t=1 t=1
and
k -1 k
1 1 1 1
F | > et =000 (1) =0 (1)
t=1 t=kO0+1



i=1t=1 i=1 " t=1
~1
N k %0 k N k
1 1 , (1 1 1 1 / 1
- Z T Z Tit Z Lit it Z TigWit + ——= Z Z Ty <op ( ) + 0p (
\/N =1 T t=1 T t=1 \/T =1 \/N 1 —1 T
N k &0
1 1 1 , /N N
== D D i | 7 D mu > ziuis + 0, < ) + 0, <\/>> ,
\/N i=1 t=1 T t=1 T T

where the second and third terms in the last equality vanish since N/T" — 0 by Assumption
2(iii). From Assumptions 4(ii)—(iii), we can see that,

-1

1 _
z Z Ty — || = op Z xltxlt - C; H = op(1). (A.13)
t=1
Using orders in (A.13) and equality ¢}, C;* = [1,0,---,0], we have,
1 Nk 1 kO ! 1 kO N K°
/ /
Tﬁ Z T Z Lit T Z Lit Ly ﬁ Z LitUit — k:O \/— Z Z Ut
i=1 t=1 t=1 t=1 i=1 t=1
1 L1 1 & R 1 &
_ / o - o 1
= ﬁ Zz; T tz:; Lt T tz:; Tt Lt \/T tz:; TitWUit — ]{30 \/7 Z 10 Z Tit Ut
-1
k K0 KO
1 1 1 k 1
< Z o2l Z xé’t - mim;t - —chlq‘l — Z Tt Wit
VN pull| K T k VT t=1
1 N kO
= |— Tirtit|| 0p(1) = 0p(1). Al4
7 2 2wt onl1) = (1) (A.14)

Applying the functional central limit theorem (FCLT), we can see that

N kO
ZZ it = aW(70). (A.15)
=1 t=1

Hence, we have, uniformly in 7,

N & 1 & 1 & W (%)
Z T Z xét T tzl xitx;;t ﬁ tzl TitUit = UTT, (A16)

i=1 t=1

-
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(iii) The coefficient d; is estimated as, if k < k°,

-1 . -1 .
T T k k
N / /
0 = § Tit Ty § TitYit — § Ty E TitYit
t=k+1 t=k+1 t=1 t=1
-1
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i1 Tt 07 = 0p(1) is negligible, and we

Using the consistency property (A.1), the term )

can see that,

N S N N rEs ) 1
T(5l—5l) = T Z Lt Ly ﬁ Z TitUit — th:;xitxit \/th:;ﬁituit+0p (ﬁ) .

t=k+1 t=k+1
(A.17)

Similar to the proof of (ii), k in (A.17) can be replaced by k° due to the consistency of
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k 5 k. Then, (A.17) is transformed into

Tz 1 & Tx 1 1
VT (5,-09) = z T I o S 771 R S ()+ ()
t kO+1 \/Tt:koﬂ T t=1 \/T t=1 T \/T
(A.18)
Thus, we have,
1 N k 1 N 1 k
T 2 b= == 5 > VT =)
=1 4—ft1 =1 =k+1
1 L1 & 1
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(T VT &= T T

The terms in the brackets of (A.19) dominate the others. Similar to (A.14)—(A.16), we can

see that, uniformly in 7 € (0,1),

_ 7_0 7_0
U3 = U(T _ 7_0) [W(li _rg( ) - Wio )] 1{7‘>’7'0}'

Thus, we complete the proof of Lemma A.1. B
Using (A.4), (A.5), and Lemma A.1, we can show that,

- W W) —W(r%)  W(r
FZZUgéGW T) — T(O )—O'(T—TO)[ (i—TO( )— 7('0 )]1{T>T0},

i=1 t=1

uniformly in 7. Applying the continuous mapping theorem, we obtain,

2

B TW(TO)

70

s [Wm —W(0) W)

1— 70 -0 ] Lir>r0y

(A.20)
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Next, we derive the asymptotic distribution of the normalization process under the null
hypothesis. By definition (10), the normalization factor is based on the residuals ;;, which
are calculated by regressing Y; on Xy (ki1, k, ko) in (8). We assume that [Te] < ky < k — [T,
and k + [Te] < ko < [T(1 — €)], where ki, ks are bounded away from endpoints and the
common break estimate k. Since k converges in probability to k%, we have |kj — ]%| > |K0 — l%|
for j = 1,2. Thus, we only consider the case in which k; and ko take values in k1 < k0 < ko.

In this case, the true model with a common break k° is written as

30
0
50
= Xi(ky, k9 ko)bY, + u;
= X1, by k)0, + s 4 [Xi(hr, B, o)) — Xy(kr, o, o)1, (4.21)

The residuals are calculated by

@ = Xi(ki, k, k)%, 4+ ui 4 [Xi(k1, kO ko) — Xi(k1, k, ko)]bY; — Xi(ky, k, ko)bri(k)

= i+ Xk, k, ko)bY; — X, (K, k, k)b ()

30
0
50
50

= w; — Xi(kr, k, ko) (bri(k) — b9;) + [Xai (K0, ko) — Xoy(k, k2)]67,

[0, X15(k1, K0) — Xi(K1, k), Xoi (K, ko) — Xoi(k, ko), 0]
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whose vector form is

Uj1

Uil
U2 U2
U Ui
[ 0
0
:U/
i(ka+1)
x/
L T

0 7 i 0 ]
0
Tk 1) 0
R : . x . - .
(Bi(k) — B)) — 2 ri(k) — | D | (0g5(k) — 67)
ik :
9 Tk,
0
. 0 . 0
0 1t 0 -
0 0
! !
(Bailk) — 89 + | | T | Ty | f g0, (A.22)
x;kQ :L'gkg
0 0
. 0 . 0

For simplicity, k is suppressed in BN,(I%), 511(1%), 522(1%), and 53,(1%) The normalization factor
is constructed by four terms Vi, Vs, V3, and V4, which are defined by

Vi

Va

Vi

Vi

1 k 1 N k 2

T az )

T s:%;rl NT zz:; ; t

1 ko 1 N s 2

f Z NT Z Z ﬂZt ’
s=k+1 i=1¢=f41

;I , NI 2

Lemma A.2 derives the asymptotic distributions of the four terms under the null hypothesis.



Lemma A.2 Suppose that Assumptions 1-5 hold. We have, as N, T — oo,

(i) Vi = o2 /OT1 <W(7~) . T:W(Tl)>2dr,

70

0

TV —7r 2
(ii) Vo = o2 /T1 [W(TO) - W(r) — i (W(r%) — W(Tl))] dr,
(iii) V3 = o> / [W(r) O e — m (W(r2) — W(T“))] 2 dr
-0 79 — 70 ’
1—r

(iv) Vi = 02 /1 [W(l) W) — (W(1) — W(TQ))} S

- 1—m

Proof of Lemma A.2. (i) Using (A.22), the first term V; can be rewritten as

b o]

k1

I S L o] )t
= ;;(Vn—vmf

Using the FCLT, it is shown that

V11 = JW(T). (A.23)

By the definition of /3;, we can see that,

k1 -1k -1k -1k
) /
- § Tit Lyt § TitYit = E xztxzt E xzt ztﬂ +Uzt E xztxzt E LitUit-
t=1

Thus, we have,

1 N 1 s -1 1 k1
_ Z / 2: / E : s
= aﬁW(ﬁ). (A.24)

71
Combining the results (A.23) and (A.24) and using the continuous mapping theorem, we can

derive the asymptotic distribution of the first term V7 as follows:

Vi = o2 /On <W(r) - TW(71)>2dr.

1
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(ii) The second term V5 can be rewritten as

1 k 1 N k k
B g Y A [T YA
T - NT — |~ —
s=ki1+1 =1 | t=s t=s
1 k 1 N k 1 N .
= 7 2 N\ e =22 wilb
T s=k1+1 NT i=1 t=s NT i=1 t=s
1 b N ?
= T Z (Vgl Vag — Vag + 0, (\/Z)) .
s=k1+1

2

Z xztall + Z it Z {k0<s<l%}

AL N
_\/ﬁgg 511—1—01, (\/Z)

2

Since k coincides asymptotically with the true break date from (A.1), k in Vi, Vao, Vag can

be replaced by k°. Then, we can show that

k N
1 1
Var = JNT A Zuit T INT Z 4 wir = o(W(r") = W(r)). (A.25)
i=1 t=1 i=1 t=1
1 L1
Vo = —= > =Y @ VT(Bi— B
N ~—T
=1 t=s
N O k1 -1 k1
1 1 1 1 1
- Ry (sz;t co(5)) (3 ) g s
=1 t=s t=1 t=1
w
5 (0 - (A.26)
T1
The coefficient estimator 511’ in Va3 can be calculated as
~ k k k1 -1 k1
feo— [ ) S (z ) S s
t=k1+1 t=k1+1 t=1 t=1
k -1 k K0
= Z xitx;t Z szt(l';tﬁlo +uit)1{fc§k:0} + Z xzt(x;tﬁlo —I—u,-t)
t=k1+1 t=k1+1 t=k1+1
k Ky gy
+ Z it (2557 + 07 + i) Liskoy P+ (Z xit$;t> Zﬂiituz‘t
t=kO+1 t=1 t=1
k -1 k1 gy Ji -1
O ST B R (z) w3 mal) Y mrl
t=k1+1 t=k1+1 t=1 t=1 t=ki1+1 t=k0+1
k g ki -1 1
= Z xztmlt Z TitUit — <Z xita;;t> Zﬂfz‘tuzt + op (T) .
t=k1+1 t=k1+1 t=1 t=1
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Then, the third term V53 becomes, as N, T — oo,

1 X1 N
Vo = S LS T
Ni:l t=s
1 X1 ¢ K g ”
3 O L N D S 'S xu—ﬁ<§:”)
=1 t=s t=k1+1 t=k1+1 t=1
“on(7) + o (7)o (77|
op | = op | —= 0, | —
P\T) " P\vT)  T\VT
LA K° k0 Lo k1 1 g
= 7\/NZTZ;U'IL)§ \/T Z Lt Ly Z Tit Uit \/T(Z.%'thlt> sztuzt
i=1 t=s t=k1+1 t=k1+1 t=1 t=1

VR (VR . (VR . (v
(7)1 (7) ro () +o (7)

(=) W),

70— 7 el

[e=]

= o(r
since N/T — 0. Combining results (A.25), (A.26), and (A.27), we have

v = /TTO I:O'(W(T()) W) — (0 — T)W(Tl) (0 — 1) (W(TO) -~ W(n) W(ﬂ))rdr

0 2
i W(r%) - w
= o [ (W) -win - 00—
T1 1
(iii) The third term V3 can be rewritten as
1 N s s ~ s ~
Vi = = Z \/WZ Z“it— ngt(ﬁi— 7)) — Z‘r;t((s%_(sg)
s=k+1 =1 | t=k+1 t=k—+1 t=k+1
K0 s
— Z :Ezt(sz 1{k<k0<s} Zt6 1{S<k0}]}
t=k+1 t:i%+1
1 ko 1 N s 1 N s
= it — ——=—= 2y (B — B)) — —— (02 — 07
T Z \/721 Z ¢ m;l lt(ﬁ 7,) \/ﬁzl t( 2 )
s=k+1 =1 t=k+1 =1 t=k+1 =1 ¢—k+1

(A.27)



Similar to (A.25) and (A.27), we can find that

Vs = o(W(r) - W(TO)), (A.28)
1 Y 1 1 & T
= 233 LS e () (z) S v
\/N t kO+1 T T t=1 VT t=1
%%
= U(T—To)ﬂ. (A.29)
T1
The coefficient d9; is estimated as
) ks 1k k1 -1 g
02 = Z Tipyy Z TitYit — (let:vgt) Zl’ityit
t=k+1 t=k+1 t=1 t=1
ko -t ko KO
t=k+1 t=k+1 t=k+1
ke k1 1k
+ Z i (2}, BY 4 24,69 + ug) Lociy ¢~ B+ (sztaz;t) intuit
t=k0+1 t=1 t=1
ks 1 k1 1 g 1
= 0+ Z Tty Z TitWit — (Z witx§t> > witui — op (T) :
t=k+1 t=k+1 t=1 t=1
Then, similar to Va3, the term V33 becomes, as N, T — oo,
T r Y AT -
t=k+1
1 N 1 s 1 ko -1 ko k1 -1 k1
= =3 (5 3 v (T) VIS ) S xu_ﬁ(zxfc) S i
i=1 t=k0+1 t=k041 t=Kk041 t=1 t=1
“oo ()~ (7)o (7]
o, | = op | —= 0, | —=
p T p \/T p \/T
AR ks L, k1 -1 gy
SEE - DL DA I (B SR Byl ﬁ(Z) >
=1 t=k04+1 t=k0+1 t=kO0+1 t=1 t=1
VN VN VN VN
+0p - = +Op = +Op T /o +Op 72
T T T3/2 T
%1% —W(r" %%
o ot (VEZIED Wi w0
To— T 1
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since N/T — 0. Combining results (A.28), (A.29), and (A.30), we have
T2 1774 - W 0y 2
i ot (W(r) W) - ()R Z W )) dr.
70

9 — 70
(iv) The fourth term Vj can be rewritten as

1 & 1 &
S_%:—H{ ﬁNTZZ; Z Uit — szt

t=s

Vi, =

T 2
= > wiy(8si — 5?)] }

T N T
1
= — 7 Uj «'1:2 Z Y —— (3 ‘Tz 5 7
3 [ h e AL R - i 3wl
T
= Z (Vi — Via — Viz)®.
k
It is easily seen that
Vi = o(W(1)—-W(r)), (A.31)
1 L1 1 B
‘/42 = = Z T Z Ccit) ( Z mztx;t> Z TitUit
VN i=1 T T t=1 vT t=1
= - (A.32)

The coefficient estimator 531- can be written as

T gy
N /
03; = E Tty E Titlit — E Tl § TitYit
t=ko+1 t=ko+1 t=1
71 _
T T k1 1 k1
/ ! 20 /! <0 0 /
= E TitTyy E v (2587 + w0y +ui) | — | B + E TitLyy E TitUst
t=ko+1 t*k‘z-{-l t=1 t=1
T -1 g
0 /
= 0; + E Tty E TitWit — E Ty, § Tt Wit
t=ko+1 t=ko+1 t=1

Then, it is shown that, as N, T — oo,

V43 = LI? 531 — 5 )
\/»
L N/ x T oy k1 1k
= ﬁz <T LU;t) \/T Z LUZ'tJZ‘;t Z Tzt — (Z Tt Lt intuzt
=1 t=s t=ko+1 t=ko+1 t=1 t=1
W(m)

= o(l—r) <W(1i : 2/(7_2) _

1

)
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since N/T — 0. From (A.31), (A.32), and (A.33), we have

1—r 2
(W(1) —W(r2))| dr.

v4;s02/721 [W(l)—W(r)— T

The proof of Lemma A.2 is complete. B

Proof of Theorem 1. Combining the asymptotic distributions in (A.20) and Lemma A.2,

we can complete the proof.H

Appendix B. Proof of Theorem 2

We first investigate the statistical properties of the common break estimator k under the
alternative hypothesis in Proposition 1. The proof follows the proof of Lemmas 1-2 and
Theorem 1 in Baltagi etal. (2016). Suppose that there are two groups and the individuals
in the same group share a common break date. These groups are denoted by G; = {i :
individuals in group 1 with a common break k?} and G = {i : individuals in group 2 with
common break k9}. The model under the alternative can be specified as

yir = 4,80 + $;t5?1(t>k§) +uy t=1,---,T, forie Gy,
yit = 24, Y + wgtégl(bkg) +uy t=1,---,T, forie Gs.

The vector form can be rewritten as
Y; = [Xi, Zi(E))]b) + ws, fori € Gj,j =1,2.

The common break point is estimated in (3) by minimizing the total sum of the squared OLS
residuals. Let SSR; denote the sum of the squared residuals of regression Y; on X; (no break

case). Using the equality on page 185 of Baltagi et al. (2016),

SSR; — SSRi(k*) = 0;(k*)[Zi (k™) M; Z;(k™)]0: (k*),
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estimation (3) can be transformed into

T
Il

k*
g _min 1ZSSR

N

— arglgggg_l;(ssm — SSR;(k))

N
= e e, 2 SV

~ g _max iezalwv;(k*)—svi<k?>>+i€§;2<sw<k*>—svxk?)) . (BY)

where
M, = I-Xi(X/ X)) 'X],
SVi(k*) = 0k [Zi(k*) My Zi (k*))0s(K*),
SVikD) = () [Zi(k9) M Zi(K)6s(KD), for, j =1,2.
For individuals in group 1, we can see that the coefficient estimators are given by
iKY = [Zi(k*) My Zi(K)) ' Zi(R*) MyY,
0i(k)) = [Zi(k)) M Zi(k9)]) 7 Zi(RD) MY

Replacing Y; with
Y; = X3 + Zi(k9)67 + ui,

we have
0i(k*) = [Zi(k*) MiZi (k™))" Zi (k™) My [ X80 + Zi(KD)8) + ui]
= [Zi(k*) M Zi (k)7 Zs (k) M Zi (K969 + [Zi(k*Y M, Z; (k)] 71 Zi(K*) Myug,
0i(kY) = [Zi(K))Y MiZi(K))) 7 Zi(kY) Mi[ XY + Zi(K9)0? + i
= 0 + [Zi(K)) M; Z; (kD))" Zs (KD) Miu;.
Similarly, for individuals in group 2, by replacing Y; with
Vi = XiB) + Zi(k3)0Y + s,
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the coeflicients estimators are rewritten as

k*

T

ilXiB7 + Zi(

Zi(k™)' M, 2)87 + i)
Zi(k") M; Zi(k3)67 + |
Zi(ky)' M,
Zi(ky)'

N

(k) M Z; (k)1 Z; (k) Myug,

(
969 + ]
i(kY) M Zi (k)] Zi (k) Miu,.

?T‘

ilXiB7 + Zi(

kY
Zi(E)) M; Z; (k9)69 + [

N

To simplify the notations, we use Z;, Z3;, Z3; to replace Z;(k*), Z;(k?), Z;(k3). For the indi-
viduals in group 1, we have
SVi(k*) = 820 M Zy(ZIM; 2;) " ZIM; 20,60 + 260 20 M, 2 ( Z1M; Z:) ™ ZE M,
+ul M; ZU(ZIM; Z:) ™ Z] Mg, (B.2)

SV (kD) 6 29 M; 72069 + 269 79 My + u,M; 20,20 M; 29) 1 20 My, (B.3)

Using (B.2) and (B.3), SV;(k*) — SV;(kY) becomes
SVi(k*) — SVi(k) = —o)" | 2}/ M, 28, Z%/MiZi(ZﬁMz‘Zi)_IZZ{MiZ%] &
+269 29 M; Z,( ZIM; 7)1 ZE Miu; — 269 29 Myu,
Ul M ZH( ZEM; 7)1 70 Mg — i M 20( 29 M, 291 29 My,
and can be decomposed into the term defined by
Jii(k*) = 69 | 20" M; 20, — 20 M, Zi( 20 M, Z:) T Z0M; 29| 69 (B.4)
and the term related to disturbance wu; defined by
Hy(k*) = 206% 2% M; 2;(Z/M; Z;) " Z! Myu; — 269 20 My,
U, M; ZU ZIM; 7)1 70 Mg — ui M 20( 2% M 201 29 Myu;. (B.5)

Then, we have SV;(k*) — SVi(k?) = —Jy;(k*) + Hy;(k*) for i € Gy. A similar transformation

for individuals in group 2 shows that

SVi(k*) = Y2 M Zy(Z:M; 2;) " 2 M; 29,60 + 269 29 M; Z;(Z1M; Z;) ~ ZL My,
+ul M; ZU( ZIM; Z3) ™ ZE My, (B.6)
SVi(k)) = 6% 29 M 2020 M; 291 20, M 29,69 + 269" 29 My 20,29 M; 29,) 71 29, My,
M 2029 M; 29) 7 20 M. (B.7)
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Using (B.6) and (B.7), we can see that, for i € Go,
SVi(k") = SVi(kY) = —Jai(k") + Hai(K"),
where the term Jo;(k*) is denoted by
Tai(k*) = 60" | 29 My 23,28 M, 28) ™ 29, M, 25, — Zgz'/MiZi(ZéMiZi)_IZ{MiZ%} 5 (BS)
and the term Hy;(k*) related to disturbance is denoted by

Hoi(K*) = 20Y' 29 M; 2;(ZM; Z;) = Z! My — 260 29 My 29,20 M; 20) = 20, My,

U, M; ZU ZIM; 7)1 70 Myu; — ui M Z0( 29 M 291 29 M. (B.9)
Thus, (B.1) can be rewritten as

~

k=arg max | Y (=hi(k)+ Hi(k) + D (= Jailk") + (k"))
i€Gy 1€Ga

Define the sets K(C1) = {k: 1 < k < kY — C1}, K(C2) = {k : K94+ Oy < k < T}, and
K(C)=K(C1)UK(Cy) ={k:1<k <kY—Cyor k) +Cy < k < T} with positive constants
C4,Cs. Next, we show that the common break estimator cannot appear in the set K(C7) by
Lemmas B.1-B.2. A similar result can be obtained for the set K(C5) by symmetry; thus, the
details are omitted. Define

a2k = Zi(hY) k<K oa [ ZiE) = Zi(k) if k* < kY
L = 11 . = .
k) = Zi(RD) it R > kY 2 =(Zi(kr) = Zi(KQ)) i B > KD

Lemma B.1 Under Assumptions 1-6, for all large N and T, with probability tending to 1,

k*e.K o) k;O Do Tk + D Jailk) | = Adw.

1€Gy i€Go

Proof of Lemma B.1. We first show that the summation of part Jy;(k*) has a lower bound
in the case of k* € K(C1). From Lemma A.2 in Bai(1997), if k* < k!,

1

Ju(k*) = oY [Z?Z.’Miz?i—Z?’Mizi(ZfMiZi)—lz;MiZ?i 5!

1
= &z Z5 (Z12:) 7 20 20,60 (B.10)
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Since the matrix

/ -1 /
ZRZ%G (Z1Z:\T 23 23 (B.11)
Wk \ T T ‘

is symmetric and positive definite from Assumption 4, we have

k* ST k) =Y 6 SIAS00 =3 6V ASY > Y Mol oY, (B.12)

i€Gy i€Gq i€Gy i€Gq
where A; is a diagonal matrix comprising of the eigenvalues of matrix (B.11), (50 S;69, and
i is the minimum eigenvalue of (B.11). Since 6909 = 6% 575;6 = 69'6%, with probability

tending to one for large N and T, we show that

DTk = M D66 = Mg, (B.13)

k*
1€Gy 1€Gy

where A\; = min;eg, {\i}. Next, we investigate the lower bound of Jo;(k*) for individuals in

group 2. Denote

x;;(a+1) O(b D |
! (b+l) I 0
Vi(a,b) = ’(ﬂfr?) . V%a,b,c) = z(b+2) , and S = [ I ] ,

where Vj(a,b) is a (b — a) X p matrix whose jth row is the same as the (a + j)th row of X,
VO(a,b,c) is a (¢ —a) X p matrix whose first b — a rows are zeros and the jth row is the same
as the (a + j)th row of X; for j > b — a, and S is a 2p x 2p matrix constructed by p x p

identity matrix I. The second term Jo;(k) can be transformed into

Ti(k?) = &) [Z%/MZZ%(Z?i/MiZ%)_IZ%MiZ% - Zgi/MiZi(Z{Mizi)_IZZ{MiZSZ} &
= o'z [MZ-Z%(Z?/MZ-Z%)‘lZ%Mz—MiZz-(Z{Mz'Z) 'z M]Zgzd?
= 829/ [M»—MZ»(Z(MZ-ZZ»)_lZ{Mi— (MZ-—MZ-Z%(Z% M;Z%)~ 1211M)}22150
= 570! (MW My, >Z2Z60

— 520 (M ) 2989, (B.14)
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where

Vi(0, k%) 0
Vi(k*,T) Vi(k*,T)
— [ vi(0,k%) 0 —o [ Vi(0, kD) 0

L R AR B e e P
My =1—-X(X'X)"'X’', for matrix X.

Vi (0, k1) 0

W:[XmZi(k*)]:[ Vi(k{, T?) Vi(k?,T) |

] W =X, Zi(R)) = [

The final equality (B.14) holds because
My =T —W(W'W) "W = [ - WS(SWWS)'SW' =1 -W (W'W) ' W = My,
_ — A = -1 _ .,
Myo = I~ WOWYW) WY = 1 - WPS(SWYWPS) s W =1 — W) (W1 W{]) WY = Myo.
Since W and W7{ are block matrices, it follows that

Zgi/MWZgi
=z 1w (ww) W] 2
k* kS, T)
= V(R K, T V(R K8, T) = VO k9, T Vi(k™, T) (Vi(k™, T Vi(k™, 1)) ™ Vi(k™, TV (", K9, T)

= [0,V KT [T =W (W) | [VR( 0 ]

= Vi(kS, T)Vi(k3, T) — Vi(k9,T)'Vi(k3, T) (Vi(k*, T)' Vi(k*, T)) ™" Vi(k3, T) Vi (K3, T)

= Vi(3,T)Vi(k3,T) [(%(kS,TY%(kS,T)) —(%(k*,TY%(k*,T))l] Vi(ks, T)'Vi(k§,T), (B.15)

!
Zgi MWIOZSi
0’ =0 (0 0\ L0 | 0
=z |- wp (wiwy) w7,
= VO R |1 - WP (WP W) W 0
) Vg 1 2y 1 1 1 1 V;O(k‘?,k‘g,T)
-1

= VPR KS, TY V(RS K, T) = VO (D, k9, T Vi, T) (ViR TY V(RS T) ) ViKY, TV (9, K, T)

— VLTV T) | (WS T VD) - (VLD VD) | T VD). (a6
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Substituting (B.15) and (B.16) into (B.14), we have

Bik?) = Vi3, T)'Vi(h, T )[( LTV, T)) ™ — (VO TY Wik, T) ™| ViGh, 7 ViCh, 757
= o7, ZQZ[ Zh 1} 0, 73;6
= 829,79 (212:)” (ZZ 2 75) (28, Zh>_ 9, 29,50
— 828720 (Ziz) T 2 7 (ZZZh>_ 8. 29,69, (B.17)

which is symmetric from the first equality. Hence, under Assumptions 4 and 5,

/ —1 / / -1 '
Zgi ZQOi Zz{Zi Zﬁ' Zﬁ‘ Z?i Z?i Zgi Zgi (B.18)
T T k9 — k> T T '
is positive definite. Then, we have
k* D Di(k*) = X2 Y 660 = Aot (B.19)

1€Ga 1€Ga

where A2 = min;cq,{\i}, and A; is the minimum eigenvalue of matrix (B.18). From inequal-

ities (B.13) and (B.19), the proof of Lemma B.1 is complete.l
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Lemma B.2 Under Assumptions 1-6, uniformly on k* € K(Ch),

(l) Z kO k*(S?,Zh Ui _Op( ¢N1)a

1€Gy

(i) e k,ﬁ?'Z X; (X1X;) T Xl :op< QZ?),

i€Gy

! / -1 ¢N
(iii) EEG o k*(sg’ Z8 M Zi (ZIM Z;) ™ ZiMyu; = O, ( T1> )
) 1

1€Ga

' -1 ON.
GZG: e k*a?z M2, (ZiMi2) " 28 Miwi = 0, (Vo) + 0 ( T2>7

1:| MU1:Op< ¢}Vz)’

1 _
> 50 _ o o) 29 M, 27, |:(Zi/MiZz') - ( M, 29,
i€Go
N

. 1 Lo N
(iv) > P UM ZE (ZIMiZ;) ™ Z§ Myw; = O, (T) ’
i=1

1 / N N
(v) Z kO UM (ZMiZ:) 29 My = Oy (T) +0, (ﬁ) ’

N

_ -1
1 (Z?z‘,MiZ%> ] 29/ Myu; = O, <T> _

(vi) Z kO = u, M; 2%, [(Z{MiZi)
Proof of Lemma B.2. (i) It is shown that
78" =0 (1), since Var ( ! ZA/u> < 0
o 5 %1 Wi = Up ’ B Ve .

K — ke k

Then, we have

Z kO k*(s?/le Ui = Op( N, )-

1€Gy
(ii) We can show that

ZAXx, /x'x,\ 1 P
0’ / l 0/ 13 <2 i4xg st Ny
E:ko oV 2R X (XX Xuz—fz Zk:‘f—k:*( = ) X ()p( ),

1€Gq 1€Gq

since for large T

1
— X, u; = 0,(1).
X = 0,(1)
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(iii) By expanding M;, we can show that

> e k*é?'Z M;Z; (ZIM; Z:) ™" Z M,

1€eGh
ZA' 7. (7'M, 7, 1
= ﬁ Z 5?/koll k:* ( sz Z) ﬁZ{Mzul
cGq
ZA'X (XIX\ Y X7 (2 ML Z;
= 0/ “1i N i & AV 4y
Z(SZ/@O <T> T( T ) fZZMul

= op< ‘Zﬂ“).

. !/
To prove the second order, since Zgi Zf‘i =0, we have

-1
> k k*59’z "M Z8 (ZIM Z) ™ Zi My,
i€G2

—1
- Zk k*5?/Z "Z8(ZIMZ) T Zi My,
1€G2

_7250123/ (XX Xz (ZMz, _1LZ(M<U.
T kY — k* T c
’LEG

= op( ‘Z{V?).

Considering the third order, we can show that

-1
Zko k*(s?’z M 23 (ZiMiZ3) " 78 My

i€G2
_1 !
— Zko k*59’z "M 29 (ZIM; 2;) 28
i€EG2
—1 / _
*Zko k*5?/Z "M 20 (ZIMZ;) 28 Xi(X]X) T X
1€G2

_ Mop(@)mp( ‘@2)
= Op<\/¢7Nz>+Op( 45}\/2).
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The last term can be transformed into

1 _ -1
> e =o' 28 M2 (200 z) T (20 M2 - 20z (28 ) 2 M

1€Go
4 -1
- Yo k*ég’z M2 2/ Miz) T (-~ 28 28 - 28 M2y, - 23 2ty (20 i2y) 2 M
i€EGa
-1 _ -1
+3 e k*(s?’z M2 (20 Mi2) 7 (28 XXX T Xz (20 iz) 2 Mo
1€Ga

_ 0p< ¢}V2> +op< (’ZY?).
—1
) Zﬁ/Miui has the same order as that of

(iv) The term ZZ 1 Wu 'M; 75 (
'M;Z

. . ZIM;Z; .
Zﬁil W%Mzzﬁzu Mju; since the matrix === = O,(1) for large T. Expanding

ZIM; Z;
T

matrix M;, we have

N

1
> W%MiZﬁZﬁ'Miui
=1

1 2

— WZuZﬁZhuz—T(kiZuX (X!X) X128 28w,

Z )UXIZA ZA X (XX T X (B.20)
=1

Consider the first term in (B.20),

1 N / A A/ N
g 2R =0 ()
i=1
Similarly, it can be shown that the second term,
1 al I 1 A
71&)2 WX {(XIX) X ZB ZA

KO — k* 1 ZUX (XX)l X!z8  Z8'u; 5 <N>
T T K — ke IO — k= P\T )’

and the third term,

N

Zu Xi(XIX) X! 28 78 X, (XIX) T X g

i=1
- k?-k*l X (XX X[Zf 28X (XIX\ TN X, (N
T T T T\ T Wbk —k \ T VT o P\T)”
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Thus, we have

N

(v) By expanding M;, we show that

1 / N
k*u;Mizﬁ. (ZIM; Z;) ™ Z§ Myu; = O, (T) .

N
1
Zko = WM ZE (ZIM Z) ™ 20 My
i=1
N 1 . N 1 )
/ — /
— Zko = wZG (ZIM Z) " ZY; Miui—zko = WX (XIX) VX285 (ZIMZ) T 29 Mg

= o2 oY)

(vi) We show that
N

1 _1 -1
Z P ! M, 2% (2 M, Z;) (Z?i'MiZ% - Zi’MZ-Zl) (Z%’MZZ%) 29 Miu;

N
1 -1 / / -1
_ Z e M2 (210, 2) (—28 Mzt — 2820, - 28/ iz ) (28 Mizly) 28 M

0, @f) |

The proof of Lemma B.2 is complete.ll
Proof of Proposition 1. We first show that for any given ¢ > 0,

T Hu() + Y Hoilk)
P | sup = 5 ZE*GQ > AN | <e. (B.21)

Using (B.5) and (B.9), we see that the sum of Hi;(k*) + Ho;(k*) can be decomposed into
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three parts:

1 . .
70 e Z Hy (") + Z Ho;i (k")
! i€Gh i€Gs
1
1 | i€Gh =en
1 - p—
o | D 200 28 MiZ(ZMZ) T 2 M — Y 200 29 M 2828 M 28 2 My,
! KSep! 1€G2
1 _ / 17! —1 rz/ Y / 0 0/ 0\—1~0"
tor e | D MM ZU(ZIM 2T 2 My = M2 (27 M3 Z8) 7 2 My
e Li=1 i=1
= H+ Hy + Hs.

Consider the first term by replacing Z?i with Z; — Zﬁ,

1 r _
il = 2 > |00 20 My Zi(Z2iMi 2:) T Zi My — 67 28 Miu,
1 r / _ /
= 2|5 > |0V ZiMyw = 0)' 25 MiZ/( ZIM 23) 7 Z{M i — 67 2 Miui + 67 255 M,

1 -
= 2 S8 28 My — 6% 28 M Z,(Z]M; 2;) 7 Z, Myu;

k? — K i€Gy
1 / 1 / _
< 2o > oY 2 il +2 e >0 Z8 X (X]X0) T X
1 ieGh 1 1€G1

1 ' B
12| O OV 2 MiZA(Z{M:2) T Zi My
1 1€G1

= Op(Von) +0p < (b,}“) +Op ( qﬁ}“) , (B.22)

where the inequality is obtained by expanding M;, and the final equality uses the orders in

(i)—(iii) of Lemma B.2.
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For the second term Hy, replacing Z; with Z{ 4+ Z)., and using (iii) of Lemma B.2,

1 _ _
Ho| = 2|5 > 20028/ MiZi(ZiM 20)7 2 Mi; — 26 25/ M 25, 20 Mi 28,) ™ 2/ M|
1 i€Ga
1 _ _
= 2|0 > [5?'Z8i/MiZﬁ(Z{MiZi) YZ! My + 69 28 M, 29,(Z0M; Z3) = Z! My,
0

1€Ga

00" 28 My 2329 M 28,) 1 29 M|

1
KO — ke

> [6?/Zgi/MiZﬁ»(Z{MiZi)_lZ{Miui +6% 29 M, Z9(Z!M; Z;) T 28 My,
i€EGa

. -1
+6%' 29/ M, 20, [(Z/Mizi) G }Z%/Miuz}

1 _
< 2| > oY 28 My Z 5 (2 2) T 2] My,
1 i€Ga
+2 | O 79 M Z0( 20 M Z:) " 28 Mg (B.23)
ZEGQ
_ -1
2| 029/ M, 2, [(Z/M,;Zi) - (20 iz }Z?/Miui
zer

- op( ¢;2)+op<@>+op( o) (320

By (iv)—(vi) of Lemma B.2, the order of the third term is

N
1 B .
ME [u;MiZ{(Z{MiZi) L2 Myu; — uM; 20,29 M, 29,) lZ%/Miul}
i=1

|H3| =

N
Zu;MiZﬁ'/(Zz{MiZi)ilZ?i/MiUz‘

k*ZuMZ (ZIM; Z;) " 78 My | +

o k? — k* —
al 1 1 / -1 /
0 - 0 0 0
+ Z e uiM; Zy; [(Zz{MiZi) - (Zu Mv:Zu) ] Zy; My
N N N N
= Op (T) +Op (T) + 0, (\/T) +0, (T> . (B.25)

48



Combining (B.22), (B.24), and (B.25) under Assumption 2, the term,

> Hui(k*)+ Y- Hoi(k¥)
1 liecy i€Ga

ON k? — k*

_ ;N [@(MHO;;(MH%( gﬁ}“)”p( ¢1]YQ>+OP<\]/VT>+OP<JJ\I>

— 0,

l

will vanish for any &* € K(C4). On the other hand, the part ¢! (k) — k*)~1

2, Julk*) + 3. Jau(kY)

has a lower bound from Lemma B.1. Hence, for any ¢ > 0,

1€Gy i€Ga
> Hu(k*)+ > Ha(k") > Ju(k*)+ > Jai(k”)
P sup i€Gy i€Go > sup i€Gy 1€G2 <
K(Ch) k? — k* - K(Ch) k?? — k* ’

which implies that

P sup Z _Jli(k*) + Hll(k*) + Z —Jzi(k*) + Hgl(k*) >0 < €
K(Cl)i€G1 i€EGa

N

P| sup > [SVi(k*) = SVi(k))] >0| < e
K(Cl) i=1

Finally, we obtain that for any given ¢ > 0, and both large N and T,

A~

P(k S K(Cl)) < €.

In other words, the total sum of squared residuals cannot be maximized in the case of k* €

K (C4). By symmetry, the estimation of the common break point (3) can be transformed into

— (kX)) — SV (kO (k%) — SV (k9
k=arg max ;}:(Smk) SW(@))#%(S%(M SVi(k3)
) 1 T 2

Similarly, we can show that, for any given € > 0,

Pk e K(C2)) <e.

The common break point estimator is obtained in set K (C3) with probability tending to zero.

Thus, we complete the proof of Proposition 1. H
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Proposition 1 indicates that the estimated common break is stochastically bounded by either

true break points or located between k9 and k9. Then, we can say that

KO — k 1 s
1T =0, <T> ,if k<KD, (B.26)

k— K3 1 L
7 2 =0, (T) . if k> k. (B.27)

Using this property of the common break estimator under the alternative, we next show that

the numerator of the statistic will diverge under Hy 4.

Proof of Proposition 2. Under the alternative, from (A.4), the CUSUM of the residuals

for individuals in group j (j = 1,2) are calculated as

TN >

ZEG t=1
k 1 k o
W 25 (6 — 50)

{k°<k<k}+\/72 Z x<t5?1{k?<l%<k}

i€Gj t= k0+1

k
s
=1

1 k

ZG E ;té {k<k<k0} \/72 Z Z1t5%1{k</7c0<k}
=k+1

1€Gj ¢=f+1
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Then, the total sum of the squared residuals \/]{TT EZ]\L 1 Ele U is expressed as

NT i=1 t=1 i=1 t=1 =1 ¢—fy1
1 k 1 k
/7 <0 /<0
+ NT Z xit(si 1{k?<k§fe}+\/ﬁz Z xit(si 1{k9<l%<k}
i€G 1=k +1 1€G1 t=k+1
1 b 1 il
/1 <0 /<0
N Z :Eit(;il{fc<k§k0}_7/7 Z Z xit‘gil{l%<k°<k}
NT i€G1 g=f+1 ' NT 1€G1 t=f+1 '
1 b 1 k
/7 <0 /<0
+7NT Z i1 0; 1{kg<k§fc}+mz Z 3107 L0 bk
i€Ga t=k3+1 i€Ga t=kJ+1
1 b 1 i
! <0 /<0
T JUNT Z Z 3t0i L cpargy — JNT Z Z Tit0i Lk <}
1€G2 g=f+41 i€G2 p=f41

=uih o —uh U+ U Ut U ot Ugt U - U (B.28)

Ui =0, (ﬁ) ,UR =0, (ﬁ) U =0, (ﬁ) U =0, (ﬁ) . (B.29)

From (A.10), we know that for i € Gj,j =1, 2,

1 .
k
2 : /<0
xit‘ritéi 1{];)>k;)}
t:lc?+1

~ -1 - ~
i J J
VT(Bi = B) = VT (Y izl | ) wiui + VT [ Dz,
=1 =1 =1

. -1 . R -1 .
k k k k
VT | > iy, Yo zpui + VT | Y zaxl, > xit$;t5?1{,%>k?} if =1,
t=1 t=1 t=1 t:k;(l)_i,-l

) if j =2,

Ao

Tituit + Op (

o

X -1
k
VT (2:1 witx§t>
=

t

Il
—

o1



using order (B.27). Then, the second term UQH1 becomes

—1 -1
k k k k
/ / /7 <0
=Y zw G TDITE I DEHTRS OSSP I D ST
ZEG t=1 t=1 t=1 t=k9+1
~ -1 -
k k 1
/
S S VT (St | Y we v, <ﬁ)
i€Ga t=1 t=1 t=1
-1
k
1 /
SYTREEID SED 917N 5 Ptt) JUEH Surr i
ZEGl t1 t=1 t k9+1

[N
= 0,(1) + Uﬁll{;;>k9} + 0,(1) + O, ( T) : (B.30)

Considering the third term Ufl, for individuals ¢ € G, the coefficient estimator is

1
T k
I /
0 = E Tt Ly E TitYit — E -’Ezt%t g LitYit
t=1

t=k+1 t=k+1
-1
T T
! ! 20 /<0
= E Lit Ly E it (T35 + 34, +Uit)1{;;>ko}
~ N —J
t=k+1 t=k+1
k§ T
!/ 20 ! 20 ! <0
+ E i (2387 + uit) + E it (T3 B + T30y + wir) 1{;}<kg}
t=k+1 t=k9+1
. -1 . . -1 .
k k k k
ey - ! Ll 591 -
LitLyy LTitUit + LitLyy Lit;10; {k>kQ}
t=1 t=1 t=1 t=k0+1 !
1 .
T k
0 /
= 60; + E Tty g Tyl — E Tl E Tit Uit
t=k+1 t=k+t1 t=1

-1

-1
T k k
o 8§01 ! ! 8501
- Lit Ly $1t$zt i {k<kO} T Lit Ly Lit Ly 04 {E>K0}

t=k+1 t=k+1 =1 t=k9+1

where the fourth term in the final equality is Op,(1/T) for individuals in group 1 using order
(B.26), while the fifth term is O,(1/T) for individuals in group 2 using order (B.27). Then,
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the third term U;Il can be rewritten as

T T T 1
=27 2 VT || > Z Tirtti — Z > Tt
VN & - -
=1 p=ft1 t=k+1 t=k+1 t=1
~ i g
0
S CEI R0 SE S D SEE) [ Sl e
ZEGl t=hk+1 t=1 t=k9+1
u . /N

7\F Z T Z Z -thxzt \F Z xltht {l%<k3} _OP( T) 1{k>1;}

€G2  t=f+1 t k+1 t=k+1

Lisi- (B.31)

b+
[N N
0,(1) = 0, ( T) Uih Lok} — Ugll{mg} ~-0, <\/;>

Thus, from (B.29), (B.30), and (B.31), (B.28) can be rewritten as

N
H
I N I N
vi L i 4o N\ _ oy g
+Uy " +Us " + 0 T 10 11

H H H H H H H
= U gy Ut Lisagy + U Lcagy | Loy + UI™ + U3 = U — U

+0,(1) + 0, (ﬁ) : (B.32)

Next, we show that (B.32) diverges at the rate of vV NT under the alternative in the following

1{l<:>l%}

three cases.

Case (i). Suppose that k& < k¥ < k3, we have

Ust' Ljjsgoy = 0, Usi'Lyjogoy =0, U =0, U =0.
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Choosing k € (kY + C1, kY], we can see that Uﬁl =0, and

H H
—Uyj' + Usy! LicroyLiesiy

k k T bk
v DIDIELETLED SIS D IR I DEE:

1€G2 ¢=f+1 i€G2 g=f+1 t=k—+1 t=k+1
-1

T 1 <& . d / RS ’ 50
= Yy X7 X w7 2wl g D warid]

i€G2 =kl t=k+1 t=k9+1

= O,(VNT).
Thus, we have

sup USnr(k, k) > sup  USnr(k, k)
ke[1,T—1] ke (k9+C1,k3]

N

2
- sup (Ugl—U{gl+op(1)+op< T)) = O,(NT).

k‘E(kJ(l)-f'Cl,k‘g]

Case (ii). Suppose that k9 < k < k3. If k € (k9 + C1, k9], choosing k € [k, k9 + C1], we

have
H H H H H
US Loty = 0, Uiy =0, U =0, Uff =0, U =0,
k
1 N
o= 3 3 -0, (\fF).
NT i€G1 t=k{+1 T

since k < l;:, and
2 ok
o T 1 , 1 , 1 /<0
Uy' = N Z T int szitwit T Z T30 = Op(VNT).
i€Gr =1 t=1 t=k9+1

Thus, we have

sup  USyr(k,k) > sup  USny(k, k)
ke[1,7-1] ke[k9,k)+Cy]

2

N

= sup U+ 0,(1) + 0, — = Op(NT).
kE[RY k9+C1) T

If i e [k9, k9 + Cy], since (k — E9)/T = 0,(1/T),

N N N
Ugll{l%>k?} =0p ( T) ’ U?flhl{l%>k(f} =0p (\/ T) U =0, (\/ T> , U =0, <

o4



Choosing k = k9, we have Uﬁl =0, and

H H
Usy' 1{;;<kg} - Ui’

K9 T
v DI DI

-1

kS 1 K9
> wwid] INT Do D @l

1€G2 t=f+1 t=k+1 t=k+1 1€G2 ¢=f+1
-1
k3 T T
S PIE DI TP IR D MR
N ' T - it T - it T - it
i€Ge y=f41 t=k+1 t=k9+1
~ 0, (VNT).

Thus, we have

2
. N N
[sup ]USNT(k:,k) > USnt (K9, k) = (Ugl ~Uilvyo,1)+ 0, <,/T>> = O,(NT).
ke[l, T—-1

Case (iii). Suppose that k¥ < kJ < k, then we have
H H H
U3211{i%<k3} =0, Uyp' =0, Uy" =0.

Choosing k € (k9, kY + C4], we can see that Uﬁll{bk} =0, U =0,U" =0, (\/N/T),

and

N k k k
1
U2b1[11{l§;>k0} = szét intw;t Z TitTi0;
' NT i=1 t=1 t=1 t:k(l)+1
~ —1 ~
N k k
T 1 1 1
SR NS A O WA B SRR
i=1 " t=1 t=1 t=k9+1
= O,(VNT).

Thus, we have

sup USnp(k k) > sup  USnr(k, k)
ke[1,7—1] ke(k9,k9+C1)

2
sup (U§{1+op(1)+op< ];')) — 0,(NT).

ke(k9,k9+Cy]

The proof of Proposition 2 is complete. l

Proof of Proposition 3. From Proposition 1, under the alternative Hj 4, the estimated
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common break k takes a value in [k? — C1, kY + C5] with probability approaching one, for
arbitrary positive constants C,Cy. Thus, we investigate the limiting properties of the nor-
malization factor in three cases that k? -1 < k< k(l), k? < k < kg, and kg <k < k:g + Cs.

Case (i). Suppose that k) — C; < k < k9, we have,

inf  Vyp(ky, k ko) < Vv (ki k, k), for ky € Q(e).
(k1,k2)€Q(e)

To show that the minimum value of Vyr(ki, l;:, ko) is stochastically bounded, it is sufficient

to show that for any ky € Q(e),
Ve (ky, b, k9) = Op(1).

In this case, the model is estimated by regressing Y; on [Xi,Xli(kh]%),Xzi(]%, kD), X3:(k9)],

which is expressed as

Bi
Vi = [Xy, Xui(k1, k), Xoi(k, k9), X3:(k3)] g;l + u;
53:
= X;(k1, k, k3)bi; + u;, (B.33)

while the true model with distinct common breaks is defined by

Yi = [X’i’Xli(l%vk(lJ)7X2i(k?7kg)7X3i(k8)]b(1)i+ui
= X;(k, k9, KDY + us (B.34)

o [8,0,69 6 ifi€ Gy,
e [5?/707075?,]/ if i € Go.

Replacing Y; in (B.33) by (B.34), the residuals can be written by, for individuals in group 1,
u; = XZ(]:J, k?,kg)b(l)l -+ u; —Xi(kl,]%,kg)i)li(fﬁ)
= U — Xi(kh 1;7 kg)[gll(k) - b?z] + [Xl(kv k?? kg) - Xi(klﬂ k? kg)]b(ljz

Bi — B
~ ~ 51 o ~ ~
= U; — Xl(khkvkg) SQ‘ i 50 + [O7X11(k7k?) - Xll(khk)?XQ%(k??kg) - XQZ(kvkg)7O]
d3; — 07

= wi — Xi(Bi — BY) — Xui(k1, k)d1; — Xoi(k, k3) (02 — 67) — X:(k9) (335 — 67)

+[ X0 (KD, K9) — X2i(]%» kg)]é?.
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For individuals in group 2, we have

Bi - B) P

. S - 01 - - - 0
i = ui— Xi(ki,k k9) 5; + [0, Xi(k, ) = Xui(ka, k), Xoi (Y, k3) — Xos(k, £8),0] |
1
d3; — 09 &5
= wi — Xi(Bi — BY) — Xui(kn, k)d1; — Xoi(k, k3)d2; — X3:(K9) (35: — 07). (B.36)
By the definition of the denominator, Vyr(k1, k, k9) can be decomposed into four parts VlHl,
v v and VT defined by
LB s 2 Lk LN 2
I 3] EL 9 3 ICIEE S o E S » ot B
T s=1 NT =1 t=1 T s=ki+1 NT i=1 t=s
1 & 1 : i 1 < LA
D Ml L 3 oE T IR ol CL S ot B
T < NT — <= T NT = —
s=k+1 =1 4—f41 s=k§+1 =1 t=s
From (B.35) and (B.36), for t < k, the residuals @;; are calculated on the basis of subsamples
{mi1, -+, @igy }, and {xi, 41), - -+ 7,3}, which are the same as those in (A.22) under the null
hypothesis. Using the asymptotic distribution of (A.23)-(A.27) and k9 — k = Op(1), we can
derive the limiting distributions of the terms VlH1 and VQH1 as follows:
1 T 2 T 0y 2
V1H1_|_V2H1 = 02/ (W(T) — W(71)> dT+0'2/ [W(T?) —Wi(r)— 5 (W () — W(Tl))] )
0 71 ol T —T1
We next consider the third term, which can be rewritten as
1 k’S 1 N s 1 N s 1 s
| VA5 B S G " (B — BY) — —— ! (89; — 6
R VN Nis PP S v, DID DR IC R i - PP IR ELS
s=k+1 i=1y=f+41 =1 y=f41 1€G1 t=F+1
. ; K . s ?
ST 2 | 2 mellean D wllowy | - A 2 D whdu|  (B3D)
i€G1 \t=k+1 t=k+1 1€G2 =f41
1 k’S 1 N s 1 N s 1 s
= = - G "B — BY) — —— " (895 — &9
DI v DD B DI DR e Ui s DI IR L)
s=k+1 =1 y=f+41 =1 y=f41 1€G1 =41
2
N 1 5 -
o (VF)-Ar X 3
T NT i€G2 =f41
1 i N ?
H H H / H
- T Z (V:n1 — V' = V3! _Op< T) _‘@41> :
s:l;+1

o7



Since kY — k = O,(1), the terms in parentheses in (B.37) are o0,(1) and will vanish as N, T —

oo. Similar to V31 and V3a, we have

H 0
Vi = oW — W), (B.38)
W 1
Vi = o(r —710)7( ) (B.39)
T1
The coefficient estimator ds; is calculated by, for i € G,
0 -1 9 -1
k3 k3 k1 k1
N / /
R I R S T (z ) S s
t=k+1 t=k+1 t=1 t=1
k9 o k9
! ! 20 ! 20 /1 <0
= Z TitTit Z Tit (T3 By + wit) + Z Tit (T3P + 30 + Wit )
t=k+1 t=k+1 t=kO+1
k1 1 g
0 /
— |8 + (Z xit%:) Zﬂﬁituz‘t
t=1 t=1
0 -1 0 -1
k‘2 k'2 kl k?l 1
0 / /
= 0 + Z Tty Z TitWit — intl'it Zl‘ituit —0p (T) )
t=k+1 t=k+1 t=1 =1
for i € Go,
kO -1 kO —1
2 2 k1 k1
< / ! 20 0 /
0o = Z TitTy Z l’it(xitﬁi —i—uit) — ﬁl + intxit intuit
t=k+1 t=k+1 t=1 t=1

-1
k9 kS k1 1 gy
/ /
= g TitLs¢ E TitUit — g Tit Lt E LTitUit-
t=1 t=1

t=k+1 t=k—+1

Then, we have

-1

N S kg kg
1 1 1
Vi v = N Z 7 2 + Op <T> VT Z Tl Z TitUit
N3 t=kJ+1 t=k9+1 t=k9+1
1 1 1
( i >_1 u 1 1 1
/
- Lit Ly intuz’t + O <) +0, <> + 0, ()]
t=1 t=1 T VT T
W(rd) =W ()  W(r)
= o(r—10) ( 2[)) 5 L
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Thus, we can find that the limiting distribution of V:,)H1 is

) 70 2
P /TO {W(r) —-W(r) - = 71{) (W(r9) — W(TIO))} dr.

1

Since the coefficient estimator ds3; remains the same in groups 1 and 2, we have

. , Z L N[z T T 2
v, o= = — uip — Y (B — BY) — $;(5i—5g)]}
4 Tzl{ﬁggt;tl AT

1 o 2
= o’ /0 W(1) - W(r) — 11_ = (W(1) - W(TS)):| dr.

Thus, we can say that
inf  Vig(ky, kb, k) < Vivr(ky, b, k) = VT + v 4 v 4 vt = 0,(1).
(k1,k2)€Q(€)
The proof of Proposition 2(i) is complete.
Case (ii) Suppose that k) < k < kJ. In this case, we have

inf  Vr(ki, k, ko) < Vr(K0, k, k9).
L P N (K, ks k2) < Ve (K1, K, k)

We can easily find that the term VNT(k:(l), /;:, kg) estimated using true break points will have
a finite limiting distribution.
Case (iii) Suppose that k3 < k < k9 +Cy. In this case, from (B.27), we have k — k3 = O,(1).
Similar to the proof of case (i), we can show that
gt Vir(ks, ke, k) < Vivr(KS, &, k) = Op(1), for any ks € Q(e).
Thus, we complete the proof of Proposition 3. B
Proof of Theorem 2. From Proposition 1, we show that P(k € [k — Cy, k9 + Co]) — 1.
Furthermore, for any k € [k — Cy, k9 + Ca),
sup USnr(k, l%) = O,(NT),
keQ(e)

sup V]G%(kl,];},kg) = Op(1) (or o0),
(k1,k2)€Q(€)

from Propositions 2 and 3. Thus, the proof of Theorem 2 is complete. B
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Table 1: Critical values

10%

5%

1%

€o0.1
€p.2
€0.3
C0.4
Co.5
€0.6
Co.7
€0.8
€0.9

43.425
43.912
45.501
45.427
45.540
45.250
46.489
45.201
43.515

56.822
57.249
57.962
57.997
57.842
07.276
59.175
59.248
57.203

92.840
92.341
93.689
90.335
85.984
90.397
93.728
94.886
92.908
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Table 2: Size of the test DGP.1

T N 10% 5% 1%
(a) p=
20 10 0.145 0.089 0.034
50 0.136 0.074 0.026
100 0.098 0.053 0.015
50 10 0.086 0.048 0.011
50 0.076 0.036 0.009
100 0.063 0.027 0.006
100 10 0.073 0.032 0.005
50 0.072 0.034 0.006
100 0.064 0.033 0.004
200 10 0.083 0.037 0.008
50 0.075 0.032 0.006
100 0.086 0.041 0.008
(b) p=0.4
20 10 0.226 0.146 0.060
50 0.234 0.153 0.069
100 0.231 0.143 0.058
50 10 0.134 0.068 0.022
50 0.151 0.084 0.028
100 0.145 0.084 0.024
100 10 0.113 0.063 0.017
50 0.105 0.058 0.016
100 0.101 0.055 0.016
200 10 0.107 0.048 0.013
50 0.091 0.043 0.009
100 0.091 0.050 0.013

61



Table 3: Power of the test DGP.2 (under Hj4)

T N 10% 5% 1%

20 10 0.149 0.088 0.021
50 0.586 0.455 0.222
100 0.846 0.741 0.474
50 10 0.281 0.174 0.046
50 0.918 0.847 0.614
100 0.993 0.982 0.911
100 10 0.561 0.425 0.190
50 0.996 0.980 0.916
100 1.000 1.000 0.992
(b) p=10.4
20 10 0.304 0.216 0.100
50 0.803 0.722 0.519
100 0.965 0.929 0.789
50 10 0.390 0.276 0.121
50 0.950 0.901 0.742
100 0.997 0.991 0.946
100 10 0.611 0.491 0.258
50 0.994 0.985 0.932
100 1.000 1.000 0.994
L kY = (T/4), kS = [3T/4],
Ni:Na=5:5.
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Table 4: Power of the test DGP.2 (under Hj4)

P 511‘7 (52,‘ 10% 5% 1%

0 U(0,01) 0130 0.064 0.012
) 0.538 0.401 0.167
) 0918 0.850 0.611
) 0.995 0.984 0.919
) 1000 0.999 0.986
) 1.000 1.000 0.998

0.6,0.7) 1.000 1.000 1.000
)
)
)
)

1.000 1.000 1.000
1.000 1.000 1.000
1.000 1.000 1.000
1.000 1.000 1.000

U
U
U
U
U
U
U
U
U
0.4 U(0,0.1) 0.206 0.138 0.037
U
U
U
U
U
U
U
U
U
U

0.1,0.2) 0.652 0.540 0.292
0.2,0.3) 0.955 0.913 0.750
0.3,0.4) 0.997 0.992 0.949
0.4,0.5) 1.000 1.000 0.993
0.5,0.6) 1.000 1.000 1.000
0.6,0.7) 1.000 1.000 1.000
0.7,0.8) 1.000 1.000 1.000
0.8,0.9) 1.000 1.000 1.000
0.9,1.0) 1.000 1.000 1.000
(1.4,1.5) 1.000 1.000 1.000

LT =50, N = 50.
210 =[T/4], kS = [3T7/4], Ny : No =5 : 5.
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Table 5: Power of the test DGP.2 (under Hj4)

kY k9 10% 5% 1%

(0.2T] [0.25T] 0.120 0.066 0.018
] 0325 0.225 0.070
[0.4T] 0.801 0.695 0.465
[0.5T] 0941 0.891 0.734
[0.6T]
[0.7T]
]

0.6T] 0.955 0.918 0.764
0.7T] 0.925 0.875 0.692
[0.8T] 0.859 0.771 0.558

'N=T=50,p=04, N; : Ny =5:5.
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Table 6: Power of the test DGP.2 (under Hj4)

Ny : Ny 10% 5% 1%
2:N-2 0.168 0.105 0.037

1:9 0.262 0.187 0.073
2:8 0.546 0.447 0.241
3:7 0.811 0.719 0.500
4:6 0.938 0.888 0.737
9:5 0.978 0.950 0.840

LN =T=50p=0.4.
2 kY = [0.3T), kS = [0.7T].
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Table 7: Power of the test (p = 0.4 under Hay)

kY k9 k) Ny:Ny:Ny T N 10% 5% 1%
[T/6] [3T/6] [4T/6] 3:3:4 50 10 0.296 0.204 0.080
50 0.646 0.522 0.284
100 0.740 0.642 0.445
[0.4T] [0.5T] [0.6T] 3:3:4 50 10 0.248 0.165 0.058
50 0.485 0.381 0.211
100 0.629 0.506 0.296
[0.2T] [0.25T] [0.5T] 3:3:4 50 10 0.342 0.239 0.109
50 0.835 0.750 0.562
100 0.964 0.923 0.809
[0.2T] [0.3T] [0.8T] 3:3:4 50 10 0.334 0.235 0.087
50 0.704 0.591 0.363
100 0.851 0.772 0.583
[0.2T] [0.5T] [0.8T] 1:4:5 50 10 0.334 0.224 0.087
50 0.851 0.758 0.566
100 0.925 0.866 0.725
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Table 8: Power of the test (under Hz4)

T N 10% 5% 1%

(a) p=0

20 10 0.147 0.089 0.022
50 0.548 0.412 0.191
100 0.654 0.497 0.255

50 10 0.281 0.173 0.050
50  0.688 0.515 0.247
100 0.884 0.770 0.474

100 10 0.468 0.329 0.129
50 0.908 0.815 0.541
100 0.969 0.895 0.637

(b) p=0.4

20 10 0.344 0.243 0.109
50 0.725 0.584 0.352
100 0.842 0.740 0.493

50 10 0.300 0.204 0.076
50 0.842 0.730 0.477
100 0.903 0.810 0.538

100 10 0.517 0.392 0.183
50 0.942 0.874 0.642
100 0.879 0.761 0.438
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Table 9: Power of the test DGP.3 (under Hyx)

T N 10% 5% 1%

20 10 0316 0.219 0.087
50 0.701 0.600 0.374
100 0.876 0.831 0.685
50 10 0.555 0.428 0.218
50 0.964 0.939 0.807
100 0.996 0.994 0.973
100 10 0.771 0.676 0.448
50  0.999 0.995 0.981
100 1.000 1.000 1.000

(b) p=0.4

20 10  0.552 0.447 0.267
50 0.920 0.867 0.706
100 0.991 0975 0.914

50 10 0.684 0.571 0.351
50  0.994 0.984 0.908
100 0.999 0.999 0.987

100 10 0.815 0.728 0.531
50 0.999 0.998 0.984
100 1.000 1.000 1.000

YR = [T/4], kS = [3T/4).
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Table 10: Detection of common break dates during the period 20056M02 — 2011M12

Category N T Statistic Syr(k, k1,k2) Estimated common break date
(a) 2005M02 — 2011M12

Foreign Large Blend 58 83 270.2507** 2008MO01
Foreign Small/Mid Blend 7T 83 98.1177*** 2008M02
Foreign Large Growth 39 83 299.1527*** 2008MO01
Foreign Small/Mid Growth 11 83 8.5283 2008M11
Large Blend 205 83 278.6359*** 2008M01
Mid-Cap Blend 54 83 305.5441*** 2008M01
Small Blend 76 83 240.9046*** 2008M01
Large Growth 186 83 100.4435*** 2008M02
Mid-Cap Growth 88 83 103.6767** 2008M02
Small Growth 92 83 110.178*** 2008M02
(b) 2005M02 — 2008M05

Foreign Large Blend 58 40 146.0774*** 2007M12
Foreign Small/Mid Blend 7 40 146.2134*** 2007M12
Foreign Large Growth 39 40 145.7293*** 2007M12
Foreign Small/Mid Growth 11 40 116.7004*** 2007M12
Large Blend 205 40 150.0121*** 2007M12
Mid-Cap Blend 54 40 146.7684*** 2007M12
Small Blend 76 40 137.2884*** 2007M12
Large Growth 186 40 157.4825*** 2007M12
Mid-Cap Growth 88 40 151.1206*** 2007M12
Small Growth 92 40 136.7168*** 2007M12
(c) 2008MO06 — 2011M12

Foreign Large Blend 58 43 52.1541* 2008M12
Foreign Small/Mid Blend 7T 43 26.9158 2008M12
Foreign Large Growth 39 43 31.5376 2008M12
Foreign Small/Mid Growth 11 43 34.1773 2008M12
Large Blend 205 43 10.6933 2008M12
Mid-Cap Blend 54 43 9.4507 2008M12
Small Blend 76 43 13.8338 2008M12
Large Growth 186 43 16.8967 2008M12
Mid-Cap Growth 88 43 20.9836 2008M12
Small Growth 92 43 9.853 2008M12

1 * reject at the 10% significance level.
2 #* peject at the 5% significance level.
3 #kk reject at the 1% significance level
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